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Abstract 



We study the canonical metric on a compact Riemann surface of 
^^ ' genus at least two. This natural metric is the puUback, via the period 

(-H , map, from the Euclidean metric on the Jacobian variety of the surface. 

While it is known that the canonical metric is of nonpositive curvature, 
we show that its Gaussian curvatures are not bounded away from zero 
nor negative infinity when the surface is close to the compactification 
divisor of Riemann's moduli space. 
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.^ ■ 1 Introduction 

X. 

H , Throughout this paper S is a compact, smooth, oriented, closed Riemann 

surface of genus g > 1- The period map p : S — > Js embeds the surface S to 
its Jacobian Js- The pullback metric of the Euchdean metric on Jx; via this 
period map thus defines the so-cahed canonical metric or Bergman metric on 
S, denoted by pB- This metric pB is of nonpositive Gaussian curvature, and 
when g > 2, the curvature vanishes if and only if the surface is hyperelliptic 
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and only at 2g + 2 Weierstrass points ([3], [Hj), in other words, amazingly, the 
Gaussian curvatures characterize hyperelliptic surfaces. 

In this short article, we study the asymptotics of the Gaussian curva- 
tures of the canonical metric, when the surface is degenerating towards the 
compactification divisor of the moduli space. We show that, using pinching 
coordinates and classical techniques on asymptotics of Abelian differentials. 

Theorem 1.1. If g[Ti) > 2, the Gaussian curvatures of the canonical met- 
ric are not bounded from below, nor from above, by any negative constants 
independent of the conformal structure of the surface. 

This unboundedness result is not surprising, however, it is not clear about 
the rates of the asymptotic behavior of the curvatures. We will make the 
theorem more precise by providing quantitative estimates on the Gaussian 
curvatures in theorems 2.4 and 2.6. 

This paper is organized as follows. We give a quick exposition of moduli 
space and pinching coordinate in §2.1, and discuss the canonical metric on a 
compact Riemann surface in §2.2, then proceed to calculate the asymptotics 
of its Gaussian curvature and prove theorem 1.1 in §2.3. 

The author acknowledges several enjoyable and helpful conversations with 
Jiaqiang Mei and Ralf Spatzier. 

2 Proof of the Main Theorem 

We give some background on moduli space, pinching coordinates, Masur's 
frame of regular quadratic differentials and its modification in §2.1; we intro- 
duce the canonical metric on a Riemann surface in §2.2; and then calculate 
the asymptotics of its Gaussian curvatures in §2.3, where we prove theorem 
1.1 as a consequence of our calculation. 

2.1 Differentials and Pinching Coordinates 

We recall that Teichmiiller space Tg is the space of conformal structures on 
E, where two conformal structures a and p are equivalent if there is a biholo- 
morphic map between (S, a) and (E, p) in the homotopy class of the identity. 
Riemann's moduli space A4g of Riemann surfaces is obtained as the quotient 
of Teichmiiller space by the mapping class group. Teichmiiller space is a com- 
plex manifold of complex dimension 3g — 3 > 1 when g > 1, and the cotangent 
space at S is identified with QD{Ti), the space of holomorphic quadratic dif- 
ferentials while the tangent space consists of harmonic Beltrami differentials. 



We will use the pinching coordinates to describe the degeneration of the 
surface, following |5], ^H], and the construction of Wolpert (^2). To this goal, 
we consider the Deligne-Mumford compactification of Mg, and any element 
of the conipactifying divisor is a Rieniann surface with nodes ( H ) . 

Let Sq be a Riemann surface obtained from pinching disjoint, nonhomo- 
topic and noncontractible simple closed curves 7i,--- ,7m on S to a point, 
then So has paired punctures ai, 61, • • • ,am,bm corresponding to the curves 
7i) ■ ■ ■ ) 7m- Thus So corresponds to a point at the compactifying divisor. For 
simplicity, we assume Eq does not have spheres or tori as components. 

Let aj and bj be two paired punctures of So, then one node on So is 
obtained by identifying aj and bj. Let D = {z € C : \z\ < 1}, and Uj and Vj 
be small disjoint neighborhoods of Uj and bj, respectively, where j = 1, • • • ,m, 
we have local coordinates Zj : Uj ^>- D and Wj : Vj ^>- D such that Zj{aj) = 
and Wj{bj) = 0. Given tj G C with < \tj\ < 1, we obtain a new Riemann 
surface with nodes by removing the discs {\zj\ < \tj\} and {\wj\ < \tj\} and 
then identifying Zj with Wj = tj/zj. This is the process of opening the node. 
Therefore {t = (ti,- • • ,tm) £ C*™ : \tj\ < 1} forms the complex parameters 
for opening the nodes. 

We choose a basis of Beltrami differentials {/ii, • • • , fi^gs^m} for the space 
rsoT(So) with support in So\UjLi(f^j U Vj), then t = {n,--- ,T2,g-3-m) in 
an open set U C C'^s-s-m about the origin provides local coordinates for the 
neighborhood of Sq in T(So). These parameters (t,T) define a local covering 
for the compactified moduli space Mg around So, and we call them pinching 
coordinates. For {\tj\ > 0}, we have a compact Riemann surface '^(t,T)- In 
these coordinates, the compactifying divisor D = M.g — M.g is represented by 
the equation YYjLi ^j — 0- 

For {t,T) near (0,0), let 71,- •• ,7m be m short geodesies on the sur- 
face. Among those curves, we assume 71,- •• ,7mi are nonseparating {mi < 
m) while the rest are separating curves. Masur constructed a local frame 
{</>i}j£7 (^1''") of regular quadratic differentials which is holomorphic in the 
pinching coordinates (t, r) and represents the canonical coframe {dt, dr) in 
pinching coordinates. In other words, {(pjdz'^ , (/)iydz'^}i<j<rn;u>m+i is a basis 
dual to the basis formed by {d / dtj , d / dTy}i<_j<_rn;u>m+i [Tni. 

More specifically, by JOl) on Uj, for 1 < i < m and u >m + 1, 



J J fe=i -" 

where m{k) > 0, and a_i with at most a simple pole at Zj = and a^ is 



holomorphic in t and r for k > 1. And 

-.00 00 

Mzj,t,T) = M^j,0,0) + -Y,[^]X'^''^bk + Yl 4cfc (2) 

^i fc=i ^J fc=-i 

where m'{k) > 0, and (/((^(zj, 0,0) has at most a simple pole, functions 6^ = 
bk{t,T) and c^ = Ck{t,T) are holomorphic around 0. We have similar formulas 
for regular quadratic differentials on Vj in {wj,t,T) coordinates. Therefore, 
for 1 < i ^ j < m, and if K is any compact set on the surface that contains 
no singularity, we find that for 1 < j < m: 

\(t)j\ = 0{\tj\/\zi\ + \titj\/\zif) on Ui,l <i^ j <m 

\(/)j\ = 0{\tj\) on K (3) 

where A ^ B means A/C < B < CA for some constant C > 0. 

Habermann and Jost ( 7j modified Masur's local frame to obtain a new 

Coframe {ipjdz'^ ,'4'^,dz'^}l<j<rn■,u>m+l■ 
l (f \ = I ^^^^' '^^ ~ ^^ ^^=1 ^^^^^' ^)^k{t, t) if 1 < j < m 

where functions Xjk{t,T) are holomorphic in {t,T) while Ajfc(0, 0) = 5jk if 
j > m. We notice that each node corresponds to three quadratic differentials: 
one differential corresponds to the t-direction while two other correspond to 
change of the position of the paired punctures associated to this node. We 
collect the properties of this modified frame from ( 7 ), for 1 < j < m: 
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r^ 


\tj\/\zj\'^ on Uj 


l^il 


= 


0{\tj\) onUi,l<i^j <m 


'm+2j-l 


r^ 


\i^m+2j\ ~ (l/l^^il) on Uj 


IV'.I 


= 


0{\tj\) on Uj, for 3m + l < z^ 


m 


= 


0{\t,\) on K 



(4) 



2.2 The Canonical Metric 



We now introduce the canonical metric on a Riemann surface, and investigate 
the asymptotic behavior of its Gaussian curvatures. 

On a compact Riemann surface S of genus g > 1, the dimension of the 
space of Abelian differentials of the first kind, or holomorphic one forms, is g. 
There is a natural pairing of Abelian differentials defined on this space: 



< H,u >= ^^^ J-^fi Au 

Let {uJi,uj2, ■ ■ ■ ,^g} be a basis of Abelian differentials, normalized with re- 
spect to the A-cycles of some symplectic homology basis {Ai,Bi}i<i<g, i.e., 
J^ ujj = 6ij. Thus the period matrix Ojj = Jg ujj. One finds that, since not 
all Abelian differentials vanish at the same point according to Riemann-Roch, 
the period matrix is then symmetric with positive definite imaginary part: 
ImVLij =< uJi,ijJj > (jSl) • 

The canonical metric pB on surface S is the metric associated to the (1,1) 
form given by 



It is not hard to see that this metric is the pull-back of the Euclidean 
metric from the Jacobian variety J(S) via the period map (|S1)- 

Remark 2.1. It is easy to see that the area of the surface T, with respect to 
the canonical metric is a constant, i.e., J-^Pb = 9- Sometimes the canonical 
metric is also refered to — to unify the surface area. 

Grauert-Reckziegel ([S])) and Lewittes ([H]) showed the Gaussian curva- 
tures are nonpositive, when g > 2, and Lewittes determined further that 
Kc{p) = for some p G S if and only if S is hyperelliptic and p is one of 
the 2^-1-2 classical Weierstrass points of S. One can perturb this metric to 
obtain a metric of negative curvature on a compact Riemann surface in an 
elementary fashion, without using the uniformization theorem (see 0). 

As in §2.1, let {t,T) = (ti,--- ,tm,n,--- .T^g-z-m) be the pinching co- 
ordinates, and So be the surface corresponding to pinching m short curves 
7ir'' 5 7m on S, moreover, the curves 7i,--- ,7mi are nonseparating with 
1 < JTT-i < fn. Now we have paired punctures oi, 6i, • • • ,am,bm- 

We adapt some notations from [Jj, defining sets: 

Let p^ be the canonical metric on Sq and pB{t,T) be the canonical metric on 
the surface S(j,-), we define pj{zj,t,T) by 

pB{t,T) = pj{zj,t,T)dzjdzj on Bj^ty 

Proposition 2.2. (\1^) 

• On any compact set K C So\{ai, 6i, • • • , am, ^m}, 



PB{t,T)^p% as (t,r)^ (0,0); 

For 1 < j < nil, there exist positive constants Cj such that when Zj £ 
Bit, = {^3 ■■ \tj\'^' < k.l < \log\t,\\-'/'} C B,,t,, 

<Pj{Zj,t,T)<-—^2——-, (5) 



Cj\log\tj\\\zj\'^ ^ ^' ' l^ofi'lijllkjf 

and when Zj € B'L, = {zj : \log\tj\\~^''^ < \zj\ < 1} C Bj^tj, 



htj 

1 



< Pj{zj,t,T) <cj; (6) 



For Zj G Bjt and mi < j < m, we have 



— < Pj{Zj,t,T) <Cj. (7) 



We note here the pinching region corresponding to a nonseparating node 
becomes long and thin, so the above proposition actually compares the canon- 
ical metric to a flat long and thin cylinder for Zj S B'- ^,. 

Remark 2.3. There is a so-called Arakelov metric on a Riemann surface 
whose Gaussian curvature is proportional to the canonical metric, studied by 
Jorgenson (^1), Wentworth ('11^), and others. 

2.3 Asymptotics of the Gaussian Curvatures 

We now calculate the Gaussian curvatures Kc of the canonical metric on 
degenerating surface T, where various simple closed curves are shortening. 
For the sake of exposition, at this point, we assume the genus g > 2 and there 
is exactly a nonseparating simple closed curve 71 is shortening. 

Let (t,r) = (ti,ri,--- jT^g-i) be the pinching coordinates in this situa- 
tion. We note that different t means different conformal structure. To con- 
sider asmptotics of the Gaussian curvatures Kc, we fix ti, hence fix conformal 
structure on S, then study how Kc depends on ti. 

The Gaussian curvature is given by 

Kc{z,ti,T) = --^-^^^.logpB{z,ti,T). 



Theorem 2.4. Let g > 2, and z e B'{^^ = {z : \log\ti\\-'^^^ < \z\ < 1}, 
then Kc{z) '^ ^05|ii| as z ^>- \log\ti\\~^''^ in B"^ . Here Kf.{z) ~ /o(7|ti| 

means \j^f^w\\ ^-^ comparable to a positive constant independent ofti, for \ti\ 
small. Consequently, the Gaussian curvature of the canonical metric on T, is 
unbounded. 

Proof. We assume meromorphic l-forins a;i(ii,r), • • • ,u;g{ti,T) form a basis 
for the regular one forms on surface S^^^,.), for (ti,T) near (0,0). 

Let A = (a*"')i<jj<9 be the inverse matrix of ImQ{ti,T), where Q is the 
period matrix for the basis u;i(ti,r), • • • ,ujg{ti,T), then the canonical metric 
can be written as pB{z,ti,T) = Ylij=i a^-'i^iiz)LUj{z). The asymptotics of the 
period matrix has been extensively studied by Fay (0]), Yamada (^SI)) and 
others. One finds that ([1] or JS])) when the surface is developping a single, 
nonseparating node, 

<u;i,u;i> = c^il/ofl'ltill +co + ci|ti| + 0(|tip); 
<u;j,ujj> ~ l + 0(|ti|),jy^l; 
\<UJi,Uj>\ = 0(1), i /I, 

where c_i ^ 0, co,ci are constants independent of ii. 
One writes 

^iiti,T) = iVii{z,ti,T)dzi on Ai^ti = {z : |ti| < \z\ < 1}, for 1 < i < 5, 

where 

00 -2 

uJii{z,ti,T) = ^ 6ii,fc(ti,r)z'=+ Y^ hi^k{ti,T)-{^f (8) 

fc=— 1 fc=— 00 

with 6ii^_i(0, r) = 1, and 6ji^_i(0,r) = for 1 < z < (7, and bn^kiti^T) are 
holomorphic in both ti and r. 

A straightforward calculation shows that the Gaussian curvature is 

K^iz,t,,r) = ^{{ta-.^iz)0,im±a-'-^'-^) 

- Ct-'^'-^^Amta-..izf-^)} (9) 

One notices that pB is bounded independent of ti in B'l^ , as indicated 
in (6). Also one recalls that the matrix ImVl is symmetric, positive definite, 
hence its inverse matrix A = (a^^) satisfies: 



a^^ > 0, and a^^ ~ \log\ti\\-'^, 

a^^ > and a" = 0(1) for j / 1, 

ai'' = 0{\log\ti\\-^) ioi j ^ k. 

Therefore, using these estimates, we have 

-2 ^ 

Kc{z,ti,T) = -3-{^a"a-''-''|a;icjj,2 -wi,^cjjp 



+ /^(o "') \^i^j,z — ^i,z^j\ + lower order terms} 

a 

~ ^ a a^^\uJiUJj^z — ^i,z^j\ + lower order terms 
j=2 

Now using the expansion (8) and above estimates on A = (a*-'), one finds that, 
in this region B'^^ , for j 7^ 1, 

\log\ti\\ |2;|4 

Here bjifi{ti,T) is the constant term in the expansion (8) of tUji where j ^ 
l,k = 0, so \bjifi\ is bounded (not zero), independent of ii, since a;j(ti,r) is 
close to a basis element on the space of regular one forms on a surface of genus 
g — l when ti is sufficiently small, for j 7^ 1 (see |1] or CSI)- And |6ii^_i(ti, r)| 
is bounded (positive), indendent of ti, as 6ii^_i(0,r) = 1 and 6ii^_i(ti,T) is 
holomorphic in fi and r. Therefore, 

\Kc{z,h,T)\ ~ ^—.(J-) + 0{l) 
\log\ti\\ |2;|4 

where z € B^^ = {z : llogltiW^^'"^ < \z\ < 1}. Thus, we have 

• \Kc{z,ti,T)\ is bounded when z is close to the outer circle \z\ = 1; 

• \Kc{z,ti,T)\ ~ l/o^jti 1 1, if 2; is close to the inner circle \z\ = |/o(7|ti||~^/^. 

This completes the proof. D 

Remark 2.5. We assume that g > 3 in theorem 2.4- If g = 2, then the 
shrinking of a nonseparating closed curve on S will reduce the surface to a 
torus, where the space of Abelian differentials is one dimensional. 



Theorem 2.4 proves the first half of theorem 1.1, i.e., we proved the Gaussian 
curvatures of the canonical metric on S are unbounded by estimating the 
Gaussian curvatures in the outer annuli region Bl^_^ = {z : \log\ti\\~^''^ < 
\z\ < 1}. 

Now we continue to calculate K(.{z, ti, r) in the inner annuli region B[ ^ = 
{z : \/\ti\ < \z\ < |/o5(|ti||^^'^}, where z is closer to the node. The key 
difference of the estimates in B[ ^^ and B'l ^^ is that the canonical metric pB 
is no longer bounded m. B'^^ . Now the inner circle \z\ = |^05f|ti||~^'^ of B'^^ 
becomes the outer circle of B'^ ^ . The inner circle of B[ ^^ is now \z\ = y\ti\. 



Theorem 2.6. Let g > 2, and z e B[^^ = {z : ^/\h\ < \z\ < |^05'|ti||"^/^}, 
then Kc{z) ~ log\ti\ as z ^ \log\ti\\^'^''^ , and \Kc\ = 0{\ti\log'^\ti\) as z ^ 
1*1 1 ^nB[^^. 



Proof. From formula (5), in i?^ ^ , the canonical metric ps ^ , i^,. , m , hence 
we have -3- ~ |2;|®|Zo5(|ti|p. Applying this to formula (9) and following the 
calculation in proving theorem 2.4, we find that 

9 

\Kc{z,ti,T)\ ~ \zf\log\ti\f{^a'^'^a^^uJiuJj^z-(^i,zi^j\'^ 

9 

+ 2,{0'^'')'^\^i^j,z — ^i,z^j\'^ + lower order terms} 
i=2 

~ \zf\lo9\ti\\HTArT^Ai^ + o{l)) + 0{l)} 
\log\ti\\ |2:j4 

where z G B[^^^ = {z : ^/\t^\ < \z\ < \log\ti\\^^/'^}. Thus, 

• \Kc{z,ti,T)\ ~ |/o(7|ti|| if z is close to the outer circle \z\ = llogltiW^^'"^; 

• \Kc{z,ti,T)\ = 0{\ti\log'^\ti\) when z is close to inner circle \z\ = \/\ti\- 

D 

Theorems 2.4 and 2.6 immediately imply Theorem 1.1, where we claimed 
that the Gaussian curvatures of the canonical metric are not bounded from 
below, nor from above by any negative constants, if one deforms the conformal 
structure of the surface. 



Remark 2.7. It is not hard to see that \Kc{z,ti,T)\ cannot blow up at the 
rate of \log\ti\\ uniformly in region B'^ , from Gauss-Bonnet. In fact, a 
straightforward calculation shows 

1 „ I . I /■ \log\ti\\ |_^_^|2| 



B' \h\ Jb[, \A\^og\ti\\ 

~ \log\ti\\ - log\log\ti\\. 

We end this section with a brief discussion of the case where a single 
separating closed curve on S is shortening. A such node will then disconnect 
the surface into two components Si and S2, with g{Tii) -\- g(Ti2) = 5(S). Since 
we are still assuming none of the limiting components are torus or sphere, we 
actually assume giTi) > 4. 

In this case, one notices that, from formula (7), the metric pB stays 
bounded. Meanwhile, the upper giT'i) ^ 5(^1) block of the matrix Imi^ 
is approaching Imi^i, and the lower 9(^2) x 5(^2) block of the matrix ImQ 
is approaching ImQ.2, where Q,i and O2 are period matrices of the surfaces Si 
and S2, respectively, for small (t,r). 

As we follow the proof of theorem 2.4, for the basis of meromorphic 
abelian differentials {tJi,--- ,Wg} and their expansions in (8), we find that 
6ji^_i(0, r) = 0, and hii-i{ti,T) are holomorphic in ti and r, for all 1 < i < ^f. 
Then one sees that the Gaussian curvatures stay bounded, independent of ti. 

Remark 2.8. The canonical metric on the surface naturally induces an Her- 
mitian metric of the Weil- Peter sson type on Teichmiiller space. It is incom- 
plete (Y^), and we shall re-estabilish this metric via an approach of calculus 
of varaition in a separate paper. 
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